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Abstract

One of the most celebrated problems in dyadic harmonic analysis is the pointwise

convergence of the Fejér (or ðC; 1Þ) means of functions on unbounded Vilenkin groups. In

1999 the author proved that if fALpðGmÞ; where p41; then snf-f almost everywhere. This

was the very first ‘‘positive’’ result with respect to the a.e. convergence of the Fejér means of

functions on unbounded Vilenkin groups. One of the main difficulties is that the sequence of

the L1 norm of the Fejér kernels is not bounded. This is a sharp contrast between the

unbounded and the bounded Vilenkin systems. The aim of this paper is to discuss the L1 case.

We prove for fAL1ðGmÞ that the relation sMn
f-f holds a.e. (Mn is the nth generalized

power).
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1. Introduction

One of the most celebrated problems in dyadic harmonic analysis is the pointwise
convergence of the Fejér (or ðC; 1Þ) means of functions on unbounded Vilenkin
groups.
Fine [4] proved every Walsh–Fourier series (in the Walsh case mj ¼ 2 for all jAN)

is a.e. ðC; aÞ summable for a41: His argument is an adaptation of the older
trigonometric analogue due to Marcinkiewicz [9]. Schipp [12] gave a simpler proof

for the case a ¼ 1; i.e. snf-f a.e. (fAL1ðGmÞ). He proved that s� is of weak type

ðL1;L1Þ: That s� is bounded from H1 to L1 was discovered by Fujii [5].
The theorem of Schipp are generalized to the p-series fields (mj ¼ p for all jAN) by

Taibleson [15] and later to bounded Vilenkin systems by Pál and Simon [10].
The methods known in the trigonometric or in the Walsh, bounded Vilenkin case

are not powerful enough. One of the main problems is that the proofs on the
bounded Vilenkin groups (or in the trigonometric case) heavily use the fact that the

L1 norm of the Fejér kernels are uniformly bounded. This is not the case if the group
Gm is an unbounded one [11]. From this it follows that the original theorem of Fejér
does not hold on unbounded Vilenkin groups. Namely, Price proved [11] that for an
arbitrary sequence m ðsupn mn ¼ NÞ and aAGm there exists a function f continuous
on Gm and snf ðaÞ does not converge to f ðaÞ: Moreover, he proved [11] that if
log mn

Mn
-N; then there exist a function f continuous on Gm whose Fourier series are

not ðC; 1Þ summable on a set SCGm which is non-denumerable. That is, only, a.e.
convergence can be stated for unbounded Vilenkin groups. The almost everywhere
convergence of the full partial sums for Lp; p41; is known in the bounded case [6]
but not in the unbounded case. On the other hand, mean convergence of the full
partial sums for Lp; p41; is known for the unbounded case. Namely, in 1999 Gát [7]
proved that if fALpðGmÞ; where p41; then snf-f almost everywhere. This was the
very first ‘‘positive’’ result with respect to the a.e. convergence of the Fejér means of
functions on unbounded Vilenkin groups.

The aim of this paper is to give a partial answer for L1 case. We discuss a partial

sequence of the sequence of the Fejér means. Namely, we prove. Let fAL1ðGmÞ:
Then we have sMn

f-f almost everywhere.

For a more complete references we mention the paper of Zheng [17], where the

pointwise convergence of Cesàro means of L1 functions is proved on the setting of
local fields. For more general systems see paper [8].
First we give a brief introduction to the theory of Vilenkin systems. These

orthonormal systems were introduced by Vilenkin in 1947 (see e.g. [1,16]) as follows.
Let m :¼ ðmk; kANÞðN :¼ f0; 1;ygÞ be a sequence of integers each of them not

less than 2: Let Zmk
denote the discrete cyclic group of order mk: That is, Zmk

can be

represented by the set f0; 1;y;mk � 1g; with the group operation mod mk addition.
Since the groups is discrete, then every subset is open. The normalized Haar measure
on Zmk

; mk is defined by mkðf jgÞ :¼ 1=mk ð jAf0; 1;y;mk � 1gÞ: Let
Gm :¼ �N

k¼0
Zmk

:
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Then every xAGm can be represented by a sequence x ¼ ðxi; iANÞ; where
xiAZmi

ðiANÞ: The group operation on Gm (denoted by þ) is the coordinatewise
addition (the inverse operation is denoted by �), the measure (denoted by m), which
is the normalized Haar measure, and the topology are the product measure and
topology. Consequently, Gm is a compact Abelian group. If supnAN mnoN; then we
call Gm a bounded Vilenkin group. If the generating sequence m is not bounded, then
Gm is said to be an unbounded Vilenkin group.
The Vilenkin group metrizable in the following way:

dðx; yÞ :¼
XN
i¼0

jxi � yij
Miþ1

ðx; yAGmÞ:

The topology induced by this metric, the product topology, and the topology given
by below are the same. A base for the neighborhoods of Gm can be given by the
intervals:

I0ðxÞ :¼ Gm; InðxÞ :¼ fy ¼ ðyi; iANÞAGm : yi ¼ xi for iong

for xAGm; nAP :¼ N\f0g: Let 0 ¼ ð0; iANÞAGm denote the nullelement of Gm; In :
¼ Inð0Þ ðnANÞ:
Furthermore, let LpðGmÞ ð1pppNÞ denote the usual Lebesgue spaces (jj:jjp the

corresponding norms) on Gm; An the s algebra generated by the sets InðxÞ ðxAGmÞ;
and En the conditional expectation operator with respect to An ðnANÞ ðE�1f :¼
0 ð fAL1ÞÞ:
The concept of the maximal Hardy space [13] H1ðGmÞ is defined by the maximal

function f � :¼ supn jEnf jð fAL1ðGmÞÞ; saying that f belongs to the Hardy space

H1ðGmÞ if f �AL1ðGmÞ: H1ðGmÞ is a Banach space with the norm

jj f jjH1 :¼ jj f �jj1:

Let X and Y be either H1ðGmÞ or LpðGmÞ for some 1pppN with norms jj:jjX and

jj:jjY : We say that operator T is of type ðY ;XÞ if there exist an absolute constant

C40 for which jjTf jjYpCjj f jjX for all fAX : T is of weak type ðL1;L1Þ if there exist
an absolute constant C40 for which mðTf4lÞpCjj f jj1=l for all l40 and

fAL1ðGmÞ: It is known that the operator which maps function f to the maximal

function f � is of weak type ðL1;L1Þ; and of type ðLp;LpÞ for all 1oppN (see e.g.
[2,6]).
Let M0 :¼ 1;Mnþ1 :¼ mnMn ðnANÞ be the so-called generalized powers. Then each

natural number n can be uniquely expressed as

n ¼
XN
i¼0

niMi ðniAf0; 1;y;mi � 1g; iANÞ;

where only a finite number of nis differ from zero. The generalized Rademacher
functions are defined as

rnðxÞ :¼ exp 2pi
xn

mn

� �
ðxAGm; nAN; i :¼

ffiffiffiffiffiffiffi
�1

p
Þ:
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It is known that
Pmn�1

i¼0 ri
nðxÞ ¼

0 if xna0;
mn if xn ¼ 0

�
ðxAGm; nANÞ: The nth Vilenkin

function is

cn :¼
YN
j¼0

r
nj

j ðnANÞ:

The system c :¼ ðcn : nANÞ is called a Vilenkin system. Each cn is a character of Gm;
and all the characters of Gm are of this form. Define the m-adic addition as

k"n :¼
XN
j¼0

ðkj þ njðmod mjÞÞMj ðk; nANÞ:

Then, ck"n ¼ ckcn;cnðx þ yÞ ¼ cnðxÞcnðyÞ;cnð�xÞ ¼ %cnðxÞ; jcnj ¼ 1ðk; nAN;

x; yAGmÞ:
Define the Fourier coefficients, the partial sums of the Fourier series, the Dirichlet

kernels, the Fejér means, and the Fejér kernels with respect to the Vilenkin system c
as follows

f̂ðnÞ :¼
Z

Gm

f %cn;

Snf :¼
Xn�1
k¼0

f̂ðkÞck;

Dnðy; xÞ ¼ Dnðy � xÞ :¼
Xn�1
k¼0

ckðyÞ %ckðxÞ;

snf :¼ 1

n

Xn

k¼1
Skf ;

Knðy; xÞ ¼ Knðy � xÞ :¼ 1

n

Xn

k¼1
Dkðy � xÞ;

ðnAP; y; xAGm; f̂ð0Þ :¼
Z

Gm

f ;S0f ¼ D0 ¼ 0; fAL1ðGmÞÞ:

It is well-known that

Snf ðyÞ ¼
Z

Gm

f ðxÞDnðy � xÞ dx;

snf ðyÞ ¼
Z

Gm

f ðxÞKnðy � xÞ dx

ðnAP; yAGm; fAL1ðGmÞÞ:
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It is also well-known that

DMn
ðxÞ ¼

Mn if xAInð0Þ;
0 if xeInð0Þ;

�

SMn
f ðxÞ ¼ Mn

Z
InðxÞ

f ¼ Enf ðxÞ ð fAL1ðGmÞ; nANÞ:

Moreover [11] for nAN;

Dn ¼ cn

XN
j¼0

DMj

Xmj�1

i¼mj�nj

ri
j:

That is, for zAIt\Itþ1ðtANÞ

DnðzÞ ¼ cnðzÞ
Xt�1
j¼0

njMj þ Mt

Xmt�1

i¼mt�nt

ri
tðzÞ

 !
:

2. The theorem

The aim of this paper is to give a partial answer for L1 case. We discuss a partial
sequence of the sequence of the Fejér means. Namely, we prove:

Theorem 2.1. Let fAL1ðGmÞ: Then we have sMn
f-f almost everywhere.

Nevertheless, this is only a partial answer. We do not know what to say for the
whole sequence of the ðC; 1Þ means of integrable functions. On the other hand, we
feel that the Lp result [6] and Theorem 2.1 qualify us for giving the conjecture that
the theorem of Lebesgue (snf-f a.e.) holds on unbounded Vilenkin groups, too.
In order to prove Theorem 2.1 we need several lemmas. The first one is the so-

called Calderon–Zygmund decomposition lemma [3] on unbounded Vilenkin groups
(for the proof see e.g. [14]). For zAGm; kAN; jAf0;y;mk � 1g we use the notation

Ikðz; jÞ ¼ Ikþ1ðz0;y; zk�1; jÞ:

Lemma 2.2. Let fAL1ðGmÞ; and l4jj f jj140 arbitrary. Then the function f can be

decomposed in the following form:

f ¼ f0 þ
XN
j¼1

fj; jj f0jjNpCl; jj f0jj1pCjj f jj1;

supp fjC
[bj

l¼aj

Ikj
ðzj; lÞ ¼ Jj;

Z
Gm

fjdm ¼ 0 ð jAPÞ;
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and for

F ¼
[
jAP

Jj; mðFÞpC
jj f jj1
l

:

Moreover, the sets Jj are disjoint ð jAPÞ:

The second one is as follows. For an integrable function f we define the following
operator:

H1f ðyÞ :¼ supAAN MA�1

Z
S

xA�1ayA�1IAðy0 ;y;yA�2 ;xA�1Þ

f ðxÞ 1

1� rA�1ðy � xÞ dx


:

Lemma 2.3. The operator H1 is of type ðL2;L2Þ:

Proof. Suppose that a; b; zAZp; where 2ppAN: If 2jp; then cotðp p=2
p
Þ ¼ 0; and

cotðp z
p
Þ ¼ �cotðp p�z

p
Þ ðzAf1;y; p=2� 1gÞ: If 2[p; then cotðp z

p
Þ ¼ �cotðp p�z

p
Þ for

zAf1;y; ðp � 1Þ=2g: This gives

Xp�1
z¼1

cot p
z

p

� �
¼ 0:

Let a; b; zAZp be different. Then by the above we have

Xp�1
z¼0

zaa;b

cot p
z � a

p

� �
¼ �cot p

b � a

p

� �
;

and
Xp�1
z¼0

zaa;b

�cot p
z � b

p

� �
¼ cot p

a � b

p

� �
:

The known equalities

1þ cot p
z � a

p

� �
cot p

z � b

p

� �

¼ cot p
a � b

p

� �
cot p

z � a

p

� �
� cot p

z � b

p

� �� �

and

1

1� expð2iptÞ ¼
1

2
þ i
2
cotðptÞ
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give

Xp�1
z¼0

zaa;b

1

1� expð2ip z�a
p
Þ

1

1� expð2ip z�b
p
Þ

 !


¼

Xp�1
z¼0

zaa;b

1

2
þ i
2
cot p

z � a

p

� �� �
1

2
� i
2
cot p

z � b

p

� �� �


¼ 1

4
cot p

a � b

p

� �
þ i


 X

p�1

z¼0
zaa;b

cot p
z � a

p

� �
� cot p

z � b

p

� �


pC cot2 p

a � b

p

� �
þ C cot p

a � b

p

� �


pC sin�2 p
a � b

p

� �
:

Consequently, for an arbitrary function g : Zp-C we have

1

p

Xp�1
z¼0

1

p

Xp�1
a¼0
aaz

gðaÞ 1

1� expð2piðz � aÞ=pÞ



2

p
1

p3

Xp�1
a¼0

Xp�1
a¼0
aab

gðaÞ %gðbÞ
Xp�1
z¼0

zaa;b

1

2
þ i
2
cot p

z � a

p

� �� �
1

2
� i
2
cot p

z � b

p

� �� �


þ 1

p3

Xp�1
a¼0

jgðaÞj2
Xp�1
z¼0
zaa

1

2
þ i
2
cot p

z � a

p

� �

2

p
C

p3

Xp�1
a¼0

Xp�1
b¼0
baa

jgðaÞjjgðbÞj sin�2 p
a � b

p

� �
þ C

p3

Xp�1
a¼0

jgðaÞj2
Xp�1
z¼0
zaa

p2

ðz � aÞ2

pC
1

p

Xp�1
a¼0

jgðaÞj2:

The last inequality is followed by the Cauchy–Buniakovskii inequality:

1

p

Xp�1
a¼0

jgðaÞjjgða þ jÞjp1

p

Xp�1
a¼0

jgðaÞj2
 !1

2 Xp�1
a¼0

jgða þ jÞj2
 !1

2

¼ 1

p

Xp�1
a¼0

jgðaÞj2:
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Define for 1pAAN the operator H1;A in the following way:

H1;Af ðyÞ :¼ MA�1

Z
S

xA�1ayA�1
IAðy0;y;yA�2;xA�1Þ

f ðxÞ 1

1� rA�1ðy � xÞ dx




ð fAL1; yAGmÞ: By the inequality above we have

1

mA�1

XmA�1�1

yA�1¼0
jH1;Af ðyÞj2

¼ 1

mA�1

XmA�1�1

yA�1¼0

1

mA�1

X
xA�1ayA�1

EAf ðy0;y; yA�2; xA�1Þ
1

1� rA�1ðy � xÞ



2

p
C

mA�1

XmA�1�1

xA�1¼0
jEAf ðy0;y; yA�2; xA�1Þj2:

This immediately gives

jjH1;Af jj22p
C

MA

Xm0�1

y0¼0
?

XmA�1�1

yA�1¼0
jEAf ðy0;y; yA�2; yA�1Þj2 ¼ CjjEAf jj22pCjj f jj22:

That is, we have proved that the operator H1;A is of type ðL2;L2Þ: SinceZ
S

xA�1ayA�1
IAðy0;y;yA�2;xA�1Þ

cot p
yA�1 � xA�1

mA�1

� �
dx ¼ 0;

then

H1;AðEA�1f ÞðyÞ

¼ MA�1

Z
S

xA�1ayA�1
IAðy0;y;yA�2;xA�1Þ

EA�1f ðxÞ
1

2
þ i
2
cot p

yA�1 � xA�1
mA�1

� �� �
dx

pCf �ðyÞ:

Consequently,

jjH1f jj22

p sup
AAN

H1;Af






2

2

p sup
AAN

H1;AðEAf � EA�1f Þ þ Cf �






2

2

pCjj f �jj22 þ C sup
AAN

H1;AðEAf � EA�1f Þ






2

2
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pCjj f jj22 þ C
XN
A¼1

jjH1;AðEAf � EA�1f Þjj22

pCjj f jj22 þ C
XN
A¼1

jjEAf � EA�1f jj22

pCjj f jj22:

This completes the proof of Lemma 2.3. &

Lemma 2.4. The operator H1 is of weak type ðL1;L1Þ:

Proof. Let fAL1ðGmÞ such that

Z
Gm

f dm ¼ 0; supp fC
[b
j¼a

Ikðz; jÞ ¼: I ;

where Ikðz; jÞ ¼ Ikþ1ðz0;y; zk�1; jÞ; zAGm; and jAfa; aþ 1;y; bgCf0; 1;y;mk �
1g: Let g :¼ Iðaþ bÞ=2m: Define the distance of j; kAf0; 1;y;mk � 1g ¼ Zmk

as

rð j; kÞ :¼
j j � kj if j j � kjpmk

2
;

mk � j j � kj if j j � kj4mk

2
:

8><
>:

In other words, Zmk
is considered as a circle. Define the set 6I in the following way:

If b� aþ 1Xmk=6; then 6½a; b :¼ f0;y;mk � 1g;

6I :¼
[

jA6½a;b
Ikðz; jÞ ¼ IkðzÞ:

On the other hand, if b� aþ 1omk=6; then 6½a; b :¼ f jAZmk
: rð j; gÞp3ðb� aþ

1Þg;

6I :¼
[

jA6½a;b
Ikðz; jÞ:

It is obvious that mðIÞpmð6IÞp6mðIÞ: Denote by ekAGm the sequence whose kth
coordinate is 1; and the rest are zeros ðkANÞ: For xAI ; and yA

S
jAZmk

\6½a;b Ikðz; jÞ
we give an upper bound for

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ


;

and later for the sum of them. The definition of r gives

1

jsinðp yk�xk

mk
Þj ¼

1

sinðp rðyk ;xkÞ
mk

Þ
pC

mk

rðyk; xkÞ
:
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Since

1

1� expð2pizÞ ¼
1

2
þ i

2
cotðpzÞ;

then we have

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ




¼ 1

2

cosðp yk�xk

mk
Þ

sinðp yk�xk

mk
Þ �

cosðp yk�g
mk

Þ
sinðp yk�g

mk
Þ

( )

¼ 1

2

sinðp xk�g
mk

Þ
sinðp yk�xk

mk
Þsinðp yk�g

mk
Þ




pC
ðb� aþ 1Þ=mk

jsinðp yk�xk

mk
Þsinðp yk�g

mk
Þj

pC
ðb� aþ 1Þmk

rðyk; xkÞrðyk; gÞ

pC
ðb� aþ 1Þmk

r2ðyk; gÞ
:

The last inequality is implied by the definition of r; yke6½a; b; and

rðyk; xkÞXrðyk; gÞ � ðb� aþ 1ÞX2
3
rðyk; gÞ: Consequently, we have

1

mk

X
ykAf0;y;mk�1g

yke6½a;b

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ




pC
X

fyk :rðyk ;gÞ43ðb�aþ1Þg

b� aþ 1

r2ðyk; gÞ
pC:

In the sequel, we consider

H1;Af ðyÞ ¼ MA�1

Z
S

xA�1ayA�1
IAðy0;y;yA�2;xA�1Þ

f ðxÞ 1

1� rA�1ðy � xÞ dx


;

where yAGm\6I : This means, that either there exists an ipk � 1; such that yiazi; or
y0 ¼ z0;y; yk�1 ¼ zk�1; and yke6½a;b:
The case A4k þ 1: In this case[

xA�1ayA�1

IAðy0;y; yA�2; xA�1ÞCIA�1ðy0;y; yA�2ÞCIkþ1ðy0;y; ykÞ:

If there exists a ipk � 1; such that yiazi; then the sets Ikðz0;y; zk�1Þ*I ; and
Ikþ1ðy0;y; ykÞ are disjoint. Consequently, H1;Af ðyÞ ¼ 0:
On the other hand, if y0 ¼ z0;y; yk�1 ¼ zk�1; and yke6½a; b; then the intervals

Ikþ1ðy0;y; ykÞ ¼ Ikþ1ðz0;y; zk�1; ykÞ; and I ¼
Sb

j¼a Ikþ1ðz0;y; zk�1; jÞ are disjoint.
Anyway, we have H1;Af ðyÞ ¼ 0:
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The case Aok þ 1: That is, A � 1pk � 1: If

IAðy0;y; yA�2; xA�1Þ-Ia|;

then the condition y0 ¼ z0;y; yA�2 ¼ zA�2; xA�1 ¼ zA�1 must be fulfilled. It follows
that ICIkðz0;y; zk�1ÞCIAðy0;y; yA�2; xA�1Þ: Thus, IAðy0;y; yA�2; xA�1Þ-I ¼ I :
Consequently, the function rA�1ðy � xÞ is constant as x ranges over I : This gives

H1;Af ðyÞ ¼ MA�1

Z
I

f ðxÞ 1

1� rA�1ðy � xÞ dx




¼ MA�1
1

1� rA�1ðy � zA�1eA�1Þ

Z
I

f ðxÞ dx


 ¼ 0:

Consequently, H1;Af ðyÞ may differ from zero only in the case A ¼ k þ 1: It follows

H1f ðyÞ ¼ Mk

Z
S

xkayk
Ikþ1ðy0;y;yk�1;xkÞ

f ðxÞ 1

1� rkðy � xÞ dx


:

Recall that yAGm\6I : Moreover, if H1;Af ðyÞa0; then y0 ¼ z0;y; yk�1 ¼ zk�1; and
yke6½a; b: These assumptions giveZ

Gm\6I

jH1f ðyÞj dy

¼ 1

Mkþ1

X
yk¼0;y;mk�1

yke6½a;b

Mk

Z
S

xkA½a;b Ikþ1ðz0;y;zk�1;xkÞ
f ðxÞ 1

1� rkðy � xÞ dx




¼ 1

Mkþ1

X
yk¼0;y;mk�1

yke6½a;b

Mk

Z
S

xkA½a;b Ikþ1ðz0;y;zk�1;xkÞ
f ðxÞ


� 1

1� rkðy � xÞ �
1

1� rkðy � gekÞ

� �
dx


p
Z
S

xkA½a;b Ikþ1ðz0;y;zk�1;xkÞ
j f ðxÞj dx

� 1

mk

X
yk¼0;y;mk�1

yke6½a;b

1

1� rkðy � xÞ �
1

1� rkðy � gekÞ




pC

Z
S

xkA½a;b Ikþ1ðz0;y;zk�1;xkÞ
j f ðxÞj dx ¼ Cjj f jj1:

After then, let fAL1ðGmÞ; and l4jj f jj140 arbitrary. Apply the Calderon–Zygmund

decomposition lemma (Lemma 2.2). That is,

f ¼ f0 þ
XN
j¼1

fj; jj f0jjNpCl; jj f0jj1pCjj f jj1;
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supp fjC
[bj

l¼aj

Ikj
ðzj; lÞ ¼ Jj;

Z
Gm

fj dm ¼ 0 ð jAPÞ;

F ¼
[
jAP

Jj; mðFÞpC
jj f jj1
l

;

and the sets Jj are disjoint ð jAPÞ: This, and the fact that the operator H1 is of type

ðL2;L2Þ imply that

mðH1f04lÞpjjH1f0jj22
l2

pC
jj f0jj22
l2

pC
jj f0jj1
l

pC
jj f jj1
l

:

Let

6F :¼
[
jAP

6Jj :

It is obvious that mð6FÞp6mðFÞpCjj f jj1=l: Consequently, since the operator H1 is

sublinear, then we have

mðH1f42lÞ

pmðH1f04lÞ þ m H1

XN
j¼1

fj

 !
4l

 !

pC
jj f jj1
l

þ mð6FÞ þ m ye6F :
XN
j¼1

H1fjðyÞ4l

( ) !

pC
jj f jj1
l

þ 1

l

Z
Gm\6F

XN
j¼1

H1fjðyÞ dy

pC
jj f jj1
l

þ C
1

l

XN
j¼1

jj fjjj1

pC
jj f jj1
l

:

This implies that the operator H1 is of weak type ðL1;L1Þ: This completes the proof
of Lemma 2.4. &

For any 1pjAN define the operator Hj in the following way:

Hjf ðyÞ :¼ sup
jpAAN

MA�j

Z
S

xA�jayA�j
IAðy0;y;yA�j�1;xA�j ;y;yA�1Þ

f ðxÞ 1

1� rA�jðy � xÞ dx


;

where yAGm: In Lemma 2.4 we proved that the operator H1 is of weak type ðL1;L1Þ:
This will be generalized for the operators Hj; where jX2: More exactly, we not only

prove that operators Hj are of weak type ðL1;L1Þ; uniformly in j; we prove even

more. This will play a fundamental role in the proof of Theorem 2.1.
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Lemma 2.5. There exists an absolute constant C40 such that for all jAN; fAL1ðGmÞ;
and l40

mðHjf4lÞpC
j2jj f jj1
2jl

:

Proof. For j ¼ 1 this lemma is nothing else but Lemma 2.4. In the proof of Lemma
2.5 we will use Lemma 2.4. Apply a permutation for the coordinate groups of the
Vilenkin group Gm such that for all AXj;AAN the ðA � jÞth coordinate group and
the ðA � 1Þth coordinate group will be adjacent. Then Lemma 2.4 can be applied for
the modified Vilenkin group, and this will verify Lemma 2.5:

Hjf ðyÞ

p
Xj�1
k¼0

sup
jpAAN

A�k mod j

MA�j

Z
S

xA�jayA�j
IAðy0;y;yA�j�1;xA�j ;y;yA�1Þ

f ðxÞ 1

1� rA�jðy � xÞ dx




¼:
Xj�1
k¼0

Hj;k f ðyÞ:

We prove the existence an absolute constant C40 such that for all l40; fAL1ðGmÞ;
and j; k the inequality

mðHj;kf4lÞpC
jj f jj1
2jl

holds. This inequality immediately gives

mðHjf ðyÞ4lÞ

pm
[j�1
k¼0

Hj;k f4
l
j

� � !

p
Xj�1
k¼0

m Hj;k f4
l
j

� �

pCjj f jj1
j2

2jl
:

This completes the proof of Lemma 2.5. Let

HN
j;k f ðyÞ :¼ sup MA�j

Z
S

xA�jayA�j
IAðy0;y;yA�j�1;xA�j ;y;yA�1Þ

f ðxÞ


8<
:

� 1

1� rA�jðy � xÞ dx

 : jpApNj þ k;A � k mod j

�
:

Since HN
j;kf is monotone increasing as N gets larger, then by measure theory if we

prove that the operators 2jHN
j;k are of weak type ðL1;L1Þ; uniformly in N (it means

that the constant C does not depend on N; j; k), then 2jHj;k is also of weak type
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ðL1;L1Þ: This would imply

mðHj;kf4lÞ ¼ mð2jHj;kf42jlÞpC
jj f jj1
2jl

:

Recall that the Vilenkin group Gm is the complete direct product of its coordinate
groups Zml

; that is, Gm ¼ �N

l¼0Zml
:We define another Vilenkin group. Its coordinate

groups will be the same, but with certain rearrangement. Let the function a :N-N

be defined in the following way. If nXk þ Nj; or nck; k � 1 mod j; then

aðnÞ :¼ n

and

aðk þ ljÞ :¼ k þ ðl þ 1Þj � 1; aðk þ ðl þ 1Þj � 1Þ :¼ k þ lj;

for all loN; lAN: Then define the Vilenkin group Gj;k
m as:

Gj;k
m ¼ �N

l¼0
ZmaðlÞ :

We give a measure preserving bijection between the two Vilenkin groups. We denote
it by a; or more precisely (if it is needed) by aj;k: It will not cause any confusion. That

is,

a ¼ aj;k : Gm-Gj;k
m ;

and let the nth coordinate of the sequence aj;kðxÞAGj;k
m be xaðnÞ: That is,

ðaðxÞÞn ¼ xaðnÞ ðnANÞ:

Consequently, we have a finite permutation of the coordinates. This is very

important for us, since when we discuss the operator H1 on the Vilenkin group Gj;k
m ;

then we can apply the result given (H1 is of weak type ðL1;L1Þ) for the operator HN
j;k

on the Vilenkin group Gm:
Denote by m̃ the sequence for which m̃l ¼ maðlÞ: Introduce the notations x̃ :¼

aðxÞðxAGmÞ; r̃l :¼ raðlÞðlANÞ: Recall that A � k mod j: Then we have

1� rA�jðy � xÞ ¼ 1� exp 2pi
yA�j � xA�j

mA�j

� �

¼ 1� exp 2pi
ỹA�1 � x̃A�1

mA�j

� �

¼ 1� exp 2pi
ỹA�1 � x̃A�1

m̃A�1

� �
¼ 1� r̃A�1ðỹ � x̃Þ:

Moreover, denote by M̃ the sequence of the generalized powers with respect to the
sequence m̃: This gives

m̃0ym̃A�2

¼ M̃A�1
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¼ m0m1ymA�j�1mA�jþ1ymA�1

¼ m0ymA�1
mA�j

¼ MA�j

mA�jmA�jþ1ymA�1
mA�j

¼ MA�jmA�jþ1ymA�1:

This gives MA�jpM̃A�1=2
j�1: By the above written we get

MA�j

Z
S

xA�jayA�j
IAðy0;y;yA�j�1;xA�j ;y;yA�1Þ

f ðxÞ 1

1� rA�jðy � xÞ dx




¼ MA�j

Z
S

x̃A�1aỹA�1
IAðỹ0;y;ỹA�2;x̃A�1Þ

f̃ðx̃Þ 1

1� r̃A�1 ðỹ � x̃Þ dx̃




p
1

2j�1 H1f̃ðỹÞ;

where the function f̃ is defined on Gj;k
m by f ðxÞ ¼ f̃ðx̃Þ for all xAGm: The definition of

HN
j;k gives

HN
j;kf ðyÞp 1

2j�1 H1 f̃ðỹÞ:

By Lemma 2.4 it follows

mðfyAGm : HN
j;kf ðyÞ4lgÞ

pmðfỹAGj;k
m : ðH1f̃ÞðỹÞ4l2j�1gÞ

pC
jj f̃ jj1
l2j

¼ C
jj f jj1
l2j

:

The operator HN
j;k is monotone increasing in N: Consequently, we have

mðHj;kf4lÞ

¼ m
[

nAN

fHN
j;kf4lg

 !

¼ lim
N-N

mðHN
j;kf4lÞ

pC
jj f jj1
l2j

:

This, as we said before, gives the inequality mðHjf4lÞpC
j2jj f jj1
2jl : That is, the proof of

Lemma 2.5 is complete. &
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The last lemma we need in order to prove Theorem 2.1.

Lemma 2.6. Let A4t; t;AAN; zAIt\Itþ1: Then

KMA
ðzÞ ¼

0 if z � zteteIA;

Mt

1� rtðzÞ
if z � ztetAIA:

8<
:

Proof. Observe that

MAKMA
ðzÞ

¼
XMA

k¼1
DkðzÞ

¼
XMA

k¼1
ckðzÞ

Xt�1
j¼0

kjMj þ Mt

Xmt�1

i¼mt�kt

ri
tðzÞ

 !

¼: J1 þ J2:

We remind the reader that k ¼
P

kjMj ; and DMA
ðzÞ ¼ 0: First, we prove that J1 ¼ 0:

J1 ¼
Xm0�1

k0¼0
?

Xmt�1�1

kt�1¼0

Xmtþ1�1

ktþ1¼0
?

XmA�1�1

kA�1¼0

YA�1

l¼0
lat

rkl

l ðzÞ

0
BB@

1
CCAX

t�1

j¼0
kjMj

Xmt�1

kt¼0
rkt

t ðzÞ ¼ 0;

because
Pmt�1

kt¼0 rkt
t ðzÞ ¼ 0: We recall that zAIt\Itþ1: Since

Xm0�1

k0¼0
?

Xmt�1�1

kt�1¼0

Xmtþ1�1

ktþ1¼0
?

XmA�1�1

kA�1¼0

YA�1

l¼0
lat

rkl

l ðzÞ

0
BB@

1
CCA ¼

YA�1

l¼0
lat

Xml�1

kl¼0
rkl

l ðzÞ
 !

then if z � zteteIA; then we also have J2 ¼ 0: That is, KMA
ðzÞ ¼ 0 in this case. On the

other hand, if z � ztetAIA; then

MAKMA
ðzÞ

¼ Mt

YA�1

l¼0
lat

ml

Xmt�1

kt¼0
rkt

t ðzÞ
Xmt�1

i¼mt�kt

ri
tðzÞ

¼ Mt

MA

mt

Xmt�1

kt¼0
rkt

t ðzÞ
Xmt�1

i¼mt�kt

ri
tðzÞ

¼ MtMA

mt

Xmt�1

kt¼0

rkt
t ðzÞ � 1

rtðzÞ � 1
:
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Since

Xmt�1

kt¼0

rkt
t ðzÞ

rtðzÞ � 1
¼ 0;

then we have

MAKMA
ðzÞ ¼ MtMA

1

1� rtðzÞ
:

This completes the proof of Lemma 2.6. &

Proof of Theorem 2.1. With some easy calculations we get

jsMA
f ðyÞj

¼
Z

Gm

f ðxÞKMA
ðy � xÞ dx




p
Z

IAðyÞ
f ðxÞKMA

ðy � xÞ dx


þ

XA�1

t¼0

Z
ItðyÞ \Itþ1ðyÞ

f ðxÞKMA
ðy � xÞ dx




pMA

Z
IAðyÞ

j f ðxÞj dx

þ
XA�1

t¼0
Mt

Z
S

xtayt
IAðy0;y;yt�1;xt;ytþ1y;yA�1Þ

f ðxÞ 1

1� rtðy � xÞ dx




pj f j�ðyÞ þ
XN
j¼1

Hjf ðyÞ:

We recall that for zAIA we have KMA
ðzÞ ¼ KMA

ð0Þ ¼ 1
MA

PMA�1
k¼0 k ¼ MA�1

2
: That is,

for the maximal operator s� :¼ supA jsMA
j we have

s�fpj f j� þ
XN
j¼1

Hjf :

This by Lemma 2.5 immediately gives for all fAL1ðGmÞ; and l40:

mðs�f4lÞpm j f j�4l
2

� �
þ m

XN
j¼1

Hjf4
l
2

 !

p
Cjj f jj1

l
þ m

[N
j¼1

Hjf4
l
4j2

� � !

p
Cjj f jj1

l
þ
XN
j¼1

m Hjf4
l
4j2

� �
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p
Cjj f jj1

l
þ
XN
j¼1

Cj4jj f jj1
2jl

p
Cjj f jj1

l
:

This proves that the operator s� is of weak type ðL1;L1Þ: Finally, let fAL1ðGmÞ; and
e40: Since the set of Vilenkin polynomials (the finite linear combinations of Vilenkin

functions) is dense in the space L1ðGmÞ; then for each d40 there exists a Vilenkin
polynomial P; such that jj f � Pjj1od: Since the relation

lim
A-N

sMA
P ¼ P

holds everywhere, then we have

mðlim supjsMA
f � f j4eÞ

pm lim supjsMA
ð f � PÞj4e

3

� �
þ m jP � f j4e

3

� �
p

C

e
jj f � Pjj1

p
Cd
e
:

Since d40 is arbitrary, then it follows

mðlim supjsMA
f � f j4eÞ ¼ 0

for all e40: Consequently,

mðlim supjsMA
f � f j40Þ ¼ 0;

that is, sMA
f-f almost everywhere. The proof of Theorem 2.1 is complete. &
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